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Abstract. The eciency of A* searching depends on the quality of the

lower bound estimates of the solution cost. Pattern databases enumerate
all possible subgoals required by any solution, subject to constraints on
the subgoal size. Each subgoal in the database provides a tight lower
bound on the cost of achieving it. For a given state in the search space,
all possible subgoals are looked up, with the maximum cost over all
lookups being the lower bound. For sliding tile puzzles, the database
enumerates all possible patterns containing N tiles and, for each one,
contains a lower bound on the distance to correctly move all N tiles
into their correct nal location. For the 15-Puzzle, iterative-deepening
A* with pattern databases (N=8) reduces the total number of nodes
searched on a standard problem set of 100 positions by over 1000-fold.

1 Introduction
The A* search algorithm for single-agent search is of fundamental importance in
arti cial intelligence. Improvements to the search eciency can take the range
from general algorithm enhancements (application independent) to problemspeci c heuristics (application dependent):

{ General A* search improvements that are applicable to a wide class of prob{
{
{
{

lems. For example, iterative deepening can be used to reduce storage requirements [6].
General search space properties. Many search domains can be represented
as directed graphs rather than as trees. The removal of duplicate nodes from
the search can result in potentially large savings [14, 16].
Branch selection. Given a search tree node with several descendants, search
eciency can be in uenced by the order in which the descendants are considered [14]. Although the idea of considering the branch most likely to succeed
rst is a general principle, the techniques used to make that decision are
often application-dependent.
Symmetry reduction. Many problems have inherent symmetries which can be
removed. Recognizing and eliminating the symmetries can have an enormous
impact on the search space, but it is an application-dependent property.
Solution databases. In many problems, the states near to the goal nodes
can be pre-computed by a backwards search. In two-player games, such as
chess and checkers, the backwards searches are saved in endgame databases

and are used to stop the search early, improving search eciency and accuracy [15]. Recently, in single-agent search new bidirectional search methods
are creating so-called perimeters around that goal node and using that to
improve lower bound cost estimates [10].
{ Problem-speci c properties. Problem domains may have constraints that can
preclude parts of the search space. For example, although the 15-Puzzle has
16!  1013 positions, only one half of them can be reached from the goal (a
parity test can detect this [5]).
Completely general, application-independent search enhancements are of great
interest but are rare, while problem-speci c tricks are plentiful and usually not
of general interest. More often, an idea is presented that has applicability over a
class of problems (has partial problem independence) but needs problem-speci c
information (has partial problem dependence). Often, the more problem-speci c
the search enhancement, the greater the search savings that are possible.
This paper introduces pattern databases as a new approach for enhancing
single-agent search. Planning involves deciding on a series of subgoals that are
directed towards the solution [7]. Typically, extensive application-dependent
knowledge is required to make the appropriate subgoal choices. Instead, we adopt
a \brute force" approach by taking a problem and enumerating all possible subgoals (partial solutions) that satisfy some constraints. At each state in the search,
the program can compare its progress towards achieving all possible valid subgoals, and make its next decision based on some or all of this information. We
call the set of subgoals a pattern database, because each subgoal is represented
as a pattern that can be matched to a search state.
In this paper, pattern databases are applied to permutation problems (although, as shown in Section 6, it generalizes to a wider class of problems). In a
permutation problem, we have a set of operators that convert one permutation
into another. We start with an initial permutation and a speci ed goal(s). The
object is to convert the initial permutation into the goal using the operators. In
the optimization version, the object is to minimize the number of applications
of the operator during the conversion.
The 15-Puzzle, Rubik's Cube, and other similar combinatorial puzzles are
examples of permutation problems. A human-like approach to solving such problems non-optimally is to move some of the elements into their correct locations,
thereby reducing the complexity of the remaining problem to be solved. This type
of \divide-and-conquer" behavior is commonplace in human problem solving. A
similar approach is also evident in human play in many multi-player games, for
example chess, where the player establishes a plan consisting of a series of intermediate goals. Although the sequence of goals may be non-optimal, the end
result is all that matters.
We adapt this idea to the problem of nding optimal solution paths in singleagent search by noting that knowing the minimum distance from a permutation
to the nearest other permutation partially matching the goal is a lower bound
on reaching the goal. To de ne a pattern database we designate N elements of
the goal permutation. Given an arbitrary initial permutation, the locations of

the N designated elements form a pattern in the initial permutation. The set of
all such patterns forms the domain of the database. Given any permutation, the
pattern can be looked up in the pattern database to nd the minimal number of
operations required to place these N elements in their correct locations. Essentially, a pattern database can be viewed as a collection of solutions to subgoals
that must be achieved to solve the problem.
These ideas are illustrated using sliding tile puzzles using iterative-deepening
A* (IDA*). This paper uses the 15-Puzzle because the problem is challenging
but it is possible to search for optimal solutions. The 24-Puzzle (5  5) has a
much larger search space, making it too expensive to search for optimal solutions. Instead, research has concentrated on \good" non-optimal solutions (for
example, real-time search [8], linear-space best- rst search [9]). It is known that
determining whether a path of a given length from an arbitrary position to the
goal exists is NP-hard for the general n  n puzzle [11].
On a standard set of 100 test positions, pattern databases reduce the total
number of nodes searched to solve all the problems by 1038-fold compared to
using just the Manhattan distance heuristic.

2 Puzzle Speci cation
The 15-Puzzle is illustrated in Figure 1(a). The puzzle consists of a set of 15
labeled tiles arranged in a 4  4 square grid, with one grid location remaining
empty. We say the empty location holds the empty tile. We refer to the tiles by
their labels 0  i  15, where 0 indicates the empty tile. A move consists of
sliding a tile into the empty square. The object is to reach a goal state in the
minimum number of moves.
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Fig.1. (a) The 15-Puzzle Goal State (b) State p Induced by rrdldruu.
We label the locations in the puzzle similarly from 0 to 15. A state1 is a
permutation of h0 : : : 15i mapping locations to tiles. The goal state of the puzzle
is the identity permutation  as indicated in Figure 1(a).
1

We avoid the use of the term \position" since it has two intuitive meanings; 1. the
location of a tile and 2. the state of the puzzle.

In any state, a move consists of moving one of the orthogonally adjacent tiles
into the empty location. However, we prefer to think of a move as swapping the
empty tile with one of its neighbors, and will specify a move by the direction
the empty tile moves, with l; r; u; d corresponding to left, right, up and down
respectively. Two states are adjacent in the puzzle space if one can be obtained
from the other in a single move. The distance between two states is the minimum
number of moves required to produce one from the other. The cost of a state
is the distance from the goal to the state. A path P (p; q) from one state (p) to
another (q) is a sequence of moves transforming the rst into the second.
The state in Figure 1(b) may be obtained from the goal state by the move
sequence rrdldruu. In permutation notation, this state is


0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 :
1 2 0 3 4 9 6 7 8 10 5 11 12 13 14 15
We will use the more compact notation
h1 2 0 3 4 9 6 7 8 10 5 11 12 13 14 15i.
As expected, reversing and inverting the move sequence (i.e. ddlurull) will return
to the goal state, in e ect inducing the inverse permutation, when applied to the
state in Figure 1(b).

3 Pattern Databases
A pattern is the partial speci cation of a permutation (or state). That is, the
tiles occupying certain locations are unspeci ed. These unspeci ed tiles are called
blanks. Note the distinction between blank tiles and the empty tile. In all of the
patterns we use in this paper the empty tile will be speci ed.
A target pattern is a partial speci cation of the goal state. A pattern database
(PDB) is the set of all patterns which can be obtained by permutations of a target
pattern. Two target patterns for which we have built databases are shown in
Figure 2. We refer to these databases as the fringe and the corner respectively.
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Fig. 2. The Fringe and Corner Target Patterns.
For each pattern in a database, we compute the distance (minimumnumber of
moves) to the target pattern using retrograde analysis. We refer to this distance

as the cost of the pattern. Note that the distance includes the cost of moving the
blank tiles when required to place the speci ed tiles, but does not require the
blanks to be in any particular order. Since the speci ed tiles are in their nal
locations in the target pattern we have

Lemma 1. For any state, for any pattern database, the cost of the pattern in-

duced by the state with respect to the database is a lower bound on the cost of
the state.

For example, given an arbitrary 15-Puzzle state, we can map the current
locations of tiles 3, 7, 11, 12, 13, 14, 15, and empty into an index into the fringe
database. The database will tell us the minimum number of moves required to
correctly locate these 8 tiles. This is a lower bound on the remaining search
e ort. In addition, we could take the current locations for tiles 8, 9, 10, 12, 13,
14, 15 and empty and look this pattern up in the corner database. The value
from this database is also a lower bound on the search and may be a better
bound (if larger) than that provided by the fringe database.
Other target patterns besides the fringe and corner are possible. Intuitively,
these two are likely to be among the best at providing tight lower bounds for the
search. To see this, consider the work that remains once the tiles have been moved
into the target state. For example, once the fringe pattern has been achieved,
all that is left to solve is an 8-Puzzle. Consider a target pattern similar to the
fringe, but including tile 10 instead of 15. Having reached the target, some of the
work just completed must be undone to correctly place the 15; tiles 10, 11 and
14 are in the way. Our experiments suggest that the best pattern databases are
the ones that reduce the problem to a simpler problem whose solution requires
little or no interference with the placing of the target pattern. Both the fringe
and corner patterns satisfy this.
Pattern databases can also be used to determine upper bounds. For example,
we computed the fringe database and the \hardest" position requires 61 moves
to rearrange the 8 tiles correctly. A global upper bound can be determined
by noting that the remaining tiles form an 8-Puzzle. Since the 8-Puzzle has a
maximal distance of 31, this gives an upper bound of 92 for any instance of the
15-Puzzle (actually the upper bound is 90 since at least two moves are required
to place the empty tile into the upper corner after the other fringe elements are
set)2 .
Upper bounds on speci c states may be useful in problems where obtaining
the optimal solution path is too expensive, for example in larger sliding tile
puzzles. Pattern databases can be used to obtain upper bounds quickly. For
each pattern we may store the permutation associated with one optimal move
sequence that takes the current pattern to the target pattern. Then, for any
state matching the pattern, applying that permutation results in a new state
with only the subpuzzle consisting of the blanks remaining to be solved. On the
15-Puzzle, the subpuzzle for the fringe PDB is just the 8-Puzzle, which can be
completely pre-computed and stored. Thus, in just two database lookups we can
2

Gasser[2] has subsequently used our work to lower the bound to 88.

nd an upper bound on any state. For larger problems, we can extend the idea
to recursively nd pattern databases for the subpuzzles.
If we do not want to store the permutations, then we can use the PDB
to select moves on a shortest path to the fringe target pattern. Thus, a (nonoptimal) path from initial state to goal can be obtained in time proportional to
the length of the path, giving rapid upper bounds. By broadening the search a
little, better upper bounds can be obtained for a little more search cost.
By modifying the fringe PDB slightly, we can also obtain additional lower
bounds and a tighter upper bound. Instead of a single fringe target pattern, we
consider the set of nine targets in which the empty tile is located in one of the
upper 3  3 locations of the puzzle, and the speci ed tiles are the same as in the
fringe target pattern. We compute the cost of solving each state of the 8-Puzzle
by searching it in the 15-Puzzle; that is, we allow the tiles in the fringe targets
to be temporarily disturbed in order to solve the 8-Subpuzzle3 . This gives us a
tighter upper bound in some cases.
Using this re ned fringe PDB, to obtain a tighter lower bound let f be the
cost of reaching a target pattern in this database, and r be the cost of solving the
remaining 8-Puzzle. Consider any other path from the current state to the goal,
with cost to a fringe pattern f 0 and 8-Puzzle cost of r0. Since r is a minimum cost
solution of the rst 8-Puzzle subgoal within the 15-Puzzle, then r  f + f 0 + r0 ,
and thus f 0 + r0  r ? f , thus implying a lower bound of maxff; r ? f g. When
r > 2f , this gives a better lower bound than f . If it is feasible to wait until the
search reaches at least one state in which the target pattern is realized, then
it is not necessary to store the permutation to use this improved lower bound.
Instead, the result can be backed up in a depth- rst search.
The practical bene ts of this analysis are the subject of future research.

4 Using Symmetry
A technique that can often signi cantly reduce the search cost is the elimination
of subtrees by symmetry.The exact symmetries available will be problem speci c,
just as the obtaining of lower bounds is. The most commonly seen symmetries are
merely re ections of the object under consideration. The symmetries we use for
the 15-Puzzle are more subtle, because the set of available moves is dependent on
the state. For example, if the empty tile is in a corner we have only two available
moves, and for each corner the set of two is di erent. Contrast this with Rubik's
cube where no matter what state the puzzle is in we have the same set of face
rotations available.
Nevertheless, for any square puzzle of side n, we are able to make use of all
eight elements of the dihedral group induced by re ections and rotations of the
square in the plane4. We will let D be the re ection across the main diagonal
3

172 states of the 8-Puzzle have a reduced cost of 2 when such outside moves are
allowed.
4 For non-square puzzles, fewer transformations would be available.

(0; 15), D0 across the transverse diagonal (12; 3), H the horizontal re ection and
V the vertical re ection. Rotations can be computed as compositions of these.
We will represent these re ections by the permutations mapping locations
induced by the re ections. Thus, for example,
D = h0 4 8 12 1 5 9 13 2 6 10 14 3 7 11 15i :
We remind the reader that permutations in general, and this group in particular,
are associative but not commutative. We also point out that the four re ections
are self-inverses. Applying these re ections in all possible compositions gives us
a set of 8 isomorphic puzzles, including the original 15-Puzzle (as the identity
puzzle). That is, if we apply any of the re ections R 2 fD; D0; H; V g to every
state s in the 15-Puzzle, we will generate an isomorphic puzzle. Each R will
induce a distinct remapping of the moves, the locations and the tile labels of the
15-Puzzle space.

4.1 The Mirror Symmetry D
We refer to D as the mirror. It is the simplest of our mappings to understand,
because it has the good fortune to map the 15-Puzzle onto an isomorphic game
with the empty cell in the goal state remaining in the upper left hand corner.
For every path P ( ; p) there is an equal length path P 0( ; p0) obtained from
P by re ecting the moves across the main diagonal. P 0 is obtained from P (or
vice versa) by the D induced replacements l u; u l; r d; d r for each
move in P . We call P 0 the mirror path of path P . Figure 3 illustrates the path
re ection for the path generating the state p in Figure 1(b).

D
Fig. 3. Path Re ection
Figure 4 shows how the mirror states of the puzzle are obtained using D for
state p in Figure 1(b). Keeping in mind that compositions are computed from
right to left, the composition p  D means that the locations are rst permuted
by D as in the top of the gure, then the result is mapped to tiles by p, as
indicated in the lower right of Figure 4. If we now apply D (which is equal to
D?1 ) on the left, the e ect is to relabel the tiles to correspond to the original
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Fig. 4. Computing the mirror p0 = D  p  D.
puzzle, in the sense that the goal states will be identical. In the lower left of
Figure 4 we show the result p0 = D  p  D. Undoing the re ected move sequence
on the left side of Figure 3 will then yield the goal state of the 15 puzzle.
In short, the mapping D  p  D applied to all states p in the 15-Puzzle is
an automorphism of the puzzle. The proof is straightforward, but the reader is
urged to note that it is critical that D(0) = 0 in the leftmost multiplication.
Otherwise the re ected move sequence, which as noted depends on the location
of the empty tile in each state, would not be valid under the relabeling of tiles.
We call the state p0 = D  p  D the mirror state of state p. Since for every
path P ( ; p) there is an equal length path P 0( ; p0) and vice versa, it follows that

Lemma 2. Any upper or lower bound on the cost of a state p or its mirror p0
applies to both p and p0.

These facts can be used to great advantage while searching for the cost of a state.
In databases, we need only store information about a state and not its mirror,
resulting in a nearly 50% reduction. (We get slightly less than 50% because some
states are self-mirrors, for example the goal state). This is a new result, showing
that the e ective search space for sliding-tile puzzles is half the size previously
thought.

4.2 Using the Re ections H ,V and D

0

If we apply the horizontal re ection H to the 15-Puzzle, we obtain an isomorphic
puzzle with goal state having tile 0 in the upper right hand corner, as illustrated
in Figure 5(a). The induced move re ection swaps l with r, leaving u and d
unchanged. However, unlike the D case, we cannot apply H ?1 on the left to
obtain an automorphism of the puzzle, since the relabeling of tile 0 would make
the re ected moves invalid.
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Fig.5. (a) Horizontal Goal   =   H (b) Relabeled Goal  00 = H^    H (c) H^  p  H
Instead, we de ne H^ = h0 3 2 1 7 6 5 4 11 10 9 8 15 14 13 12i which maps
the goal state in Figure 5(a) to the new goal in Figure 5(b). Note that H^ = H^ ?1.
It is straightforward to show that the puzzle H^  p  H; 8p, is isomorphic to the
standard puzzle.
The usefulness of this mapping lies in the fact that the new goal  00 requires
only 3 moves (lll) to achieve the standard goal  . Applying the isomorphism, this
means that for any state p, if we nd lower and upper bounds on the cost of state
^  p  H , L  C (p00)  U , then C (p) is bounded by L ? 3  C (p)  U +3.
p00 = H
An example of the lower bound being met is for state q =  , where C (q) = 0
and C (q00) = 3. An example of the upper extreme is the state r obtained from
 00 by the move sequence ddd. In this case C (r) = 6 and C (r00) = 3. As a nal
example, consider state s = p00 = H^  p  H , the state in Figure 5(c), where p
is the position in Figure 1(b). Then C (s) = 7, with the solution path ddrulul.
Re ecting s gives s00 = H^  s  H = p. The cost of p is C (s00) = 8.
The vertical re ection V is analogous to H , with the same di erence in
bounds applying.
The re ection D0 moves the empty tile in the goal to the lower right corner,
requires a minimum of 6 moves to return to the upper right. There are
?which
6
=
20
distinct minimalpaths, each of which yields a candidate permutation for
3
c0 . We will use this multiplicity of D
c0 in the next section. In any
the relabeling D
c0  p  D0 ,
case, letting L and U be lower and upper bounds on C (p000) for p000 = D
then L ? 6  C (p)  U + 6.
Finally, for any state p, we can also compute the mirror state p0 = D  p  D,
and then apply any of the H , V or D0 re ections to obtain further states. Thus,

we use all eight symmetries of the square.

4.3 Applying Symmetry to the Databases

Using the properties of mirror states discussed earlier, it is possible to obtain
two lower bounds from a database, one for p and one for p0 . In this case, the
mirror of a blank tile is assumed to be blank5. Notice, however, that due to the
symmetry of the fringe target pattern, the cost of a pattern and its mirror are
always equal in the fringe PDB. Using the other symmetries of the 15-Puzzle,
even better lower bounds can be obtained. For any state p, additional lower
bounds on reaching the goal can be obtained by computing each of the re ected
states and looking up the costs in the PDB and subtracting three (for V or H )
or six (for D0 ).
For D0 , the initial re ection carries the empty tile to the lower right corner,
requiring six moves to restore the empty tile to the upper right. The 20 distinct
paths of length six yield several distinct relabeled tile combinations in the PDB,
the exact number depending on the speci c PDB in question. Applying each of
c0 yields several di erent lookups for the re ection D0 .
the resulting D
We repeat that for each of the states obtained by re ecting across H; V; D0,
the mirror of the state can also be computed and looked up in the appropriate
PDB. None of these mirrors are e ective in the fringe because the fringe target
pattern is symmetric with respect to the mirror.
From the preceding discussion, it might be concluded that the fringe is at a
disadvantage because symmetry means the mirror never yields improved lower
bounds. On one hand, we intuitively expect that the fringe database will yield
somewhat tighter lower bounds on average for a single lookup. The reason is that
once the fringe target pattern is achieved, it is quite unlikely that the speci ed
tiles will be disturbed in completing the rest of the solution. On the other hand,
the corner target pattern may be signi cantly disturbed in order for the solution
to be completed. This argument places some intuitive limits on which target
patterns are likely to be useful. For example, a target pattern in which only
alternate tiles are speci ed could seemingly be very far from the goal. Such a
database would likely yield weak lower bounds for most states.
The most commonly used lower-bound estimator for sliding tile puzzles is the
Manhattan distance. Over all 100 Korf test positions [6], using the fringe pattern
database improved the Manhattan distance an average of 6:3. Using the corner
database, the bound was improved an average of 5.7. The best lower bound on
a position p is the maximum over all lower bounds. Together the two databases
yielded an average improvement of 7.1.

4.4 Applying Symmetry to Search

So far, our program uses only the mirror states to prune the search tree itself. We
only use the other isomorphisms to obtain additional results from the database,
5

Our program, for reasons of eciency, does not compute the images of blank tiles,
only those actually in the PDB.

as discussed above.
It is also possible to use the mirror transformation in a backwards search,
from goal to the start state. Because of mirrors, there are (usually) two start
states, but only one goal state since the goal is a self-mirror. Holst[4] has shown
signi cant savings using this technique. Fewer nodes are searched, although the
cost of a search node has increased.

5 Experiments
Iterative-deepening A* for the 15-Puzzle was implemented using the Manhattan
distance heuristic estimate (MD), fringe pattern database (FR) and corner pattern database (CO). The fringe and corner databases were built using retrograde
analysis and each contains 16  15  14  13  12  11  10  9 = 518,918,400
positions, one byte each6 . The programs were written in C and run on a BBN
TC2000 at Lawrence Livermore National Laboratory. Each database took less
than one hour of real time to compute. The TC2000 has 128 processors and 1
GB of RAM. The program would load the databases into shared memory and
search each test position in parallel. An experiment consisted of running the 100
test positions given by Korf [6].
Table 1 shows that the fringe database reduces the search trees by 345-fold,
and the corner database is even better with a 437-fold reduction. Since the
fringe is symmetric, it has fewer patterns to look up (9) than for the corner (26).
Thus, the corner's lower bound is maximized over more values, generally giving
a tighter bound.
Experiment Total Nodes Tree Size % Improvement
MD
36,302,808,031
100.00
1
MD+FR
105,067,478
0.29
346
MD+CO
83,125,633
0.23
437
MD+CF
34,987,894
0.10
1038

Table 1. Results Summary.
Examination of the data produced by the pattern databases showed that
for many positions they produced complimentary results: positions where the
corner did poorly often had the fringe doing well, and visa-versa. Obviously the
program could be modi ed to take the maximum over both databases, but since
each database is 520 MB this does not seem practical. Instead, the program was
modi ed to use half of each database. Each pattern database was broken into
16 parts - one for each square that the blank could be on. If the 4  4 board is
6

Because of the symmetry of the fringe, it requires only half the storage.

viewed as a checkerboard, then for half of the squares the corresponding fringe
database would be read into memory and for the other half, the corresponding
corner database would be read. Given a position, the patterns for which the
appropriate pattern database is in memory are looked up. For example, if the
blank tile is on a square associated with the fringe database, then a fringe lower
bound is obtained. When the blank moves, it must move to a square associated
with the corner database, and the corner lower bound can be used. In e ect, you
get the bene t of both databases.
Using half of the corner and fringe databases (CF) without any other enhancements results in the tree size being reduced by 1038-fold. Using CF gives
an almost 2.5-fold improvement over just using the corner database. In other
words, the union of the two databases (CF) is better than the sum of using
them individually. Detailed results can be found in [1].
The linear con icts heuristic (LC) is a recently proposed improvement to the
Manhattan distance heuristic [3]. It improves the Manhattan distance measure
by recognizing when two tiles in the same row/column will con ict with each
other moving into their correct position (a linear con ict). Linear con icts alone
reduce the Manhattan trees by 9.7-fold. Using pattern databases, our best LC
results were only 7% better than our best MD results, implying most of the
bene ts of linear con icts are captured in the pattern databases.
In Table 2, the 100 positions have been sorted into groups of 20 based on the
number of nodes required to solve the MD tree. We used two metrics to compare
performance:
AVG is the average of the individual search reductions computed
P
as (P Ni=1 M Di =P
DBi )=N and TTL is the ratio of the total tree sizes computed
P
as Ni=1 M Di = Ni=1 P DBi . The results show that the 20 easiest problems bene t by a factor of 240 TTL (521 for AVG) using databases, while the 20 hardest
problems bene t by a factor of 1,179 (2,499 for AVG). This suggests that the improvements are limited only by the small problems, whose solution trees become
close to the minimal search tree.
Problems
01-20
21-40
41-60
61-80
81-100
Overall

AVG TTL
521 240
581 315
1360 476
1502 737
2499 1179
1293 1038

Table 2. Results Grouped by Size of Search Tree.
Obviously, the enhancements presented in this paper increase the cost of evaluating a node in the search tree. The question arises whether the additional work

done by the node evaluation is outweighed by the reduction in search tree size.
Our implementation of the program is simple and regenerates patterns at each
node (as many as 26), rather than maintaining all the information incrementally.
Further, the program uses the maximum number of patterns for computing a
bound. The diagonal patterns contribute the least to the bound (since they have
6 subtracted from their bounds) and eliminating them will more than double the
speed of the program, while only increasing the tree by a small percent. Even
without these enhancements the program runs roughly 6 times faster in real
time compared to MD, while it runs roughly 1.5 times faster than LC. However,
using CF by itself, with only the original and mirror position queried in the
pattern database, results in a larger search tree, but the program runs 12 times
faster than MD in real time. There is a trade-o here: increased cost per node
versus better lower bound. We have not done experiments to nd which combination minimizes execution time. In addition, other search enhancements (such
as transposition tables or solution databases) can be used to further reduce tree
size, again a ecting the tree size / execution time ratio.
Our experiments used the entire fringe and corner databases to maximize
the amount of information available to the search. Clearly, space/time trade-o s
are possible. Gasser has subsequently taken part of our fringe database (the 4
central squares) and built a 15-Puzzle searcher that searches eciently with less
memory/disk requirements [2].

6 Further Research
Pattern databases are an e ective means for signi cantly reducing the size of
search trees in the 15-Puzzle. By using lower bounds on the cost of solving subproblems, a heuristic that is signi cantly more e ective than the Manhattan
distance is obtained. The large reduction in search tree size does not give an
equivalent reduction in the execution time required to solve the problem. This
is largely due to the simplicity of the Manhattan distance heuristic, since it
is inexpensive to compute. For other problems where a more computationally
expensive lower bound is required, the relative eciency of the pattern databases
at run-time will improve.
Pattern databases are more expensive to compute than other lower bounds,
but they are pre-computed in a pre-search phase. For the puzzle environments
considered, the amortized cost over all possible searches is negligible. (This is
also the case for solution databases.) For other problems such as the Traveling
Salesman, the application of pattern databases will be limited since each problem is from a di erent space. One can imagine, however, that given a map of
North America, there might be a need for being able to supply quickly good approximations to tours of a subset of the cities. In such an environment it may be
possible to use pre-computed databases of partial results to more quickly obtain
good upper bound approximations.
This work can be extended to the 24-Puzzle. For the 15-Puzzle, the pattern
database places 8 of the 16 tiles. Using comparable storage for the 24-Puzzle, the

database will only be able to contain 6 of the 25 tiles. Because of the complexity
of this problem, it is too expensive to search for optimal solutions. Instead,
the e ort has been in nding approximate solutions quickly [8]. The database
information can be used to increase the accuracy of any heuristic estimate. The
larger the puzzle, the more e ective become the patterns. For example, the cost of
placing 6 tiles on one side of the board may have little e ect on the cost of placing
the mirror of the 6 tiles on the other side of the board. Thus the maximum value
from the pattern database of the patterns will decrease slowly. This suggests
that a two-level heuristic estimate may be an e ective real-time search strategy:
given two states with the same pattern database maximum value, search the one
with the smallest sum (or average) of the individual database pattern values.
This will concentrate e ort on lines which are making a greater contribution to
the overall solution of the problem.
Although pattern databases have only been applied to the 15-Puzzle, the idea
in principle is applicable to other single-agent search domains. By constructing
a (possibly large) database of solutions to subproblems, improvements in search
eciency are possible.
To illustrate its generality, this work has been applied to the checkers-playing
program Chinook [15]. In the alpha-beta search algorithm, the search should only
stop in so-called quiescent (quiet) positions. In checkers, the most common tactical combination is a \2 for 1": allow a man to be captured to get a double
capture in return. An analysis of search trees showed that 50% of these combinations occurred in a speci c region of the board. A pattern database was
built that enumerated all the piece/square placings that could be part of this
type of combination. For each legal placing, a search was done to verify that the
combination worked. During a game, a potential leaf node position is mapped
into a pattern and checked to see if the tactical combination is present. If so, the
search is extended to see the consequences. The program knows it is winning
a checker; it must search a bit deeper to see if the opponent has any resources
after the checker is lost (for example, has a return \2 for 1"). With the sliding
tile puzzles, pattern databases were used to curtail search; here they are used
to extend search. The addition of this database has been a major addition to
Chinook.
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